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ABSTRACT. This is a thesis for the degree of filosofie licentiat (a Swedish
degree between Master of Science and Ph.D.). It comprises three arti-
cles, all treating variations and augmentations of suffix trees, and the
capability of the suffix tree data structure to efficiently capture similar-
ities between different parts of a string. The presented applications are
in the areas of data compression and pattern matching.

The first article presents a method of using a suffix tree as an index
into a sliding window, in optimal time and space, with applications in
probabilistic data compression schemes, such as PPM, as well as in Ziv-
Lempel compression. The second article presents a generalized suffix
tree which is able to index a select subset of the suffixes of a string, with
a construction algorithm which is optimal in time and space. The final
article deals with the connection between the explicit context trees of
PPM and the implicit mechanism of the Burrows-Wheeler transform for
block sorting compression, again utilizing the suffix tree to capture the
repetitive characteristics of a string.

This document was revised on February 3 1998. The differences from
the presented thesis are in corrections of trivial errors only.
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INTRODUCTION

The suffiz tree is a powerful data structure for many operations on strings,
particularly useful for many applications since its construction can be ac-
complished in time that does not asymptotically exceed the time required
to read the input. Its most elementary application is as an index which
supports locating any substring of a longer string in time proportional to
the length of the substring. Some of its more intricate applications have
been surveyed by Apostolico [2].

The first linear-time suffix tree construction algorithm was presented in
1973 by Weiner [14]. Shortly thereafter, McCreight [11] presented a simpler
and less space consuming construction algorithm which has been the stan-
dard since. Also notable are Ukkonen’s on-line construction algorithm [13],
as well as Farach’s algorithm [7], which provides deterministic optimal time
construction for large alphabets, and whose approach is quite different from
that of the previous algorithms.

The efficiency at which the suffix tree supports access to repetitions of
a string makes its application in data compression natural. The first ar-
ticle of this thesis [9] contributes to this area of application by presenting
a sliding-window indexing algorithm that is an improvement over previous
attempts [8,12] as it is fully on-line and linear-time, and implements—as a
single data structure—an index for a sliding window of variable size.

Application of this data structure to Ziv-Lempel compression [15] is nat-
ural and straightforward, as this family of compression algorithms is often
formulated in a sliding window context. More elaborate is the application
of this scheme to the probabilistic compression method family of PPM [6],
more specifically PPM* [5]. Using the presented sliding window index, a
PPM*-style algorithm can run in linear time, and in space limited by an ar-
bitrarily chosen window size. The suffix tree approach to PPM compression
has since the publication of this work been further developed by Bunton [3]
(although not with as strict complexity considerations).

All the mentioned suffix tree construction algorithms rely heavily on all
suffixes being inserted, i.e., all substrings are considered equally relevant.
This does not apply to all uses of suffix trees for indexing strings: often
one is interested only in substrings that begin at certain positions, word
boundaries, of the text. The second article in this thesis [1] presents a data
structure, the word suffiz tree, whose construction space is proportional only
to the number of words, while linear construction time is maintained. This
article also illustrates the possibility of sublinear construction time in cases
where the input string occupies o(n) machine words.

The third article [10] discusses the Burrows- Wheeler transform (BWT)
and block sorting compression [4]. The BWT procedure is intended for re-
arranging the input string so that repetitions are concentrated, as a first
step in compression. The transform can be efficiently implemented using
a suffix tree. In this article, the suffix tree is considered as the link be-
tween BWT and the contezt tree of the previously mentioned PPM* compres-
sion method. An efficient method of generating an explicit pruned context
tree from the corresponding suffix tree is presented. Thus, the context tree
model, which is otherwise implicitly assumed in BWT compression, is given
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a concrete form. The relationship between the context tree and the move-to-
front schemes commonly paired with BWT is considered in some detail, and
an experimental compression program which utilizes the full context tree is
presented. The conclusion is that a conscious treatment of the context tree
makes a combination of BWT with some of the ideas from PPM a strong
candidate for powerful general compression with moderate requirements on
computational resources.
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EXTENDED APPLICATION OF SUFFIX TREES
TO DATA COMPRESSION

N. JESPER LARSSON

ABSTRACT. A practical scheme for maintaining an index for a sliding
window in optimal time and space, by use of a suffix tree, is presented.
The index supports location of the longest matching substring in time
proportional to the length of the match. The total time for build and
update operations is proportional to the size of the input. The algorithm,
which is simple and straightforward, is presented in detail.

The most prominent lossless data compression scheme, when consid-
ering compression performance, is prediction by partial matching with
unbounded context lengths (PPM*). However, previously presented al-
gorithms are hardly practical, considering their extensive use of compu-
tational resources. We show that our scheme can be applied to PPM*-
style compression, obtaining an algorithm that runs in linear time, and
in space bounded by an arbitrarily chosen window size.

Application to Ziv-Lempel ’77 compression methods is straightfor-
ward and the resulting algorithm runs in linear time.

1. INTRODUCTION

String matching is a central task in data compression. In particular, in
string substitution methods—such as the original scheme of Ziv and Lem-
pel [14]—the dominating part of computation is string matching. Also, sta-
tistical data compression, such as the PPM methods [3,4,7], includes the
operation of finding contexts, which are defined by strings. In effect, this
is a string matching operation, which, particularly when contexts are long,
occupies a major part of computational resources.

The suffix tree [6, 11] is a highly efficient data structure for string match-
ing. A suffix tree indexes all substrings of a given string and can be con-
structed in linear time. Our primary contribution is to present a scheme that
enables practical use of suffix trees for PPM*-style statistical modeling meth-
ods, together with its necessary theoretical justification. Also, application
to Ziv-Lempel compression is natural.

Some compression schemes [3,9] require that each character, once read
from the input, resides in primary storage until all of the input has been
processed. This is not feasible in practice. We need a scheme that allows
maintaining only a limited part of the input preceding the current position—
a sliding window. Fiala and Greene [5] claim to have modified McCreight’s
suffix tree construction algorithm [6] for use with a sliding window, by pre-
senting a method for making deletions at constant amortized cost. However,
a careful investigation reveals that they do not consider the fact that Mc-
Creight’s algorithm treats the input right-to-left (i.e. longest suffix first),
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and therefore does not support expanding the indexed string with charac-
ters added to the right. This property of McCreight’s algorithm makes it
unfit for sliding window use if linear time complexity is to be maintained.

Here, we show that Ukkonen’s suffix tree construction algorithm [11] can
be extended to obtain a straightforward on-line sliding window algorithm
which runs in linear time. We utilize the update restriction technique of
Fiala and Greene as part of our algorithm.

The most promising statistical compression method appears to be finite
context modeling with unbounded context length, in the style of the PPM* al-
gorithm presented by Cleary, Teahan, and Witten [3]. (Some refinements are
given by Teahan [10].) However, as presented in the original paper, this al-
gorithm uses too much computational resources (both time and space) to be
practically useful in most cases. Observing that the context trie employed in
PPM* is essentially a suffix tree, our algorithms can be used to accomplish
a practical variant of PPM*, where space requirements are bounded by a
window size, and time complexity is linear in the size of the input.

In a survey of string searching algorithms for Ziv-Lempel '77 compression,
Bell and Kulp [1] rule out suffix trees because of the inefficiency of deletions.
We assert that our method eliminates this inefficiency, and that suffix trees
should certainly be considered for implementation of the Ziv-Lempel algo-
rithm.

2. SUFFIX TREES

We consider strings of characters over a fixed alphabet. The length of a
string o is denoted |a].

A trie is a tree data structure for representing strings. Each edge is
labeled with a character, and each stored string corresponds to a unique
path beginning at the root. By (u) we denote the string corresponding to
the path from the root to a node wu.

A path compressed trie is a trie where only nodes with more than one
outgoing edge are represented. Paths of unary nodes are collapsed to single
nodes, which means that edges must be labeled with strings rather than
single characters. By depth(u) we shall denote the length of (u) rather than
the number of edges on the associated path.

A suffix tree is a path compressed trie representing all suffixes (and thereby
also all other substrings) of a string T'. The tree has at most n leaves (one for
each suffix), and therefore, since each internal node has at least two outgoing
edges, the number of nodes is less than 2n. In order to ensure that each node
takes constant storage space, an edge label is represented by pointers into the
original string. Note that we do not (as is otherwise common) require that
the last character of T' is unique. Hence, our suffix trees are not guaranteed
to have a one-to-one correspondence between leaves and suffixes.

We adopt the following convention for representing edge labels: Each
node u in the tree holds the two values pos(u) and depth(u), where pos(u)
denotes a position in T" where the label of the incoming edge of u is spelled
out. Hence, the label of an edge (u,v) is the string of length depth(v) —
depth(u) that begins at position pos(v) of T'.



EXTENDED APPLICATION OF SUFFIX TREES TO DATA COMPRESSION 3

By child(u,c) = v, where u and v are nodes and ¢ is a character, we
denote that there is an edge (u,v) whose label begins with c. We call ¢ the
distinguishing character of (u,v).

In order to express tree locations of strings that do not have a corre-
sponding node in the suffix tree (due to path compression), we introduce
the following concept: For each substring a of T' we define point(«) as a
triple (u, k,c), where u is the node of maximum depth for which (u) is a
prefix of a, k = |a| — |{u)], and ¢ is the (|{(u)| + 1)th character of «, unless
k = 0 in which case ¢ can be any character. Less formally, if we traverse
the tree from the root following edges that together spell out « for as long
as possible, u is the last node on that path, k£ is the number of remaining
characters of «, and c is the distinguishing character that determines which
of the outgoing edges of u spells out the last part of a.

3. SUFFIX TREE CONSTRUCTION

We give a slightly altered, and highly condensed, formulation of Ukkonen’s
suffix tree construction algorithm as a basis for discussions in subsequent
sections. For a more elaborate description, see Ukkonen’s original paper [11].
Ukkonen’s algorithm has the advantage over the more well known algorithm
of McCreight [6] that it builds the tree incrementally left-to-right. This is
essential for our application.

3.1. Preliminaries. At each internal node u of the suffix tree, the algorithm
stores a suffiz link, pointing to another internal node v, such that (u) = ¢(v)
(where c is the first character of (u)). This is denoted suf (u) = v. For conve-
nience, we add a special node nil and define suf (root) = nil, parent(root) =
nil, depth(nil) = —1, and child(nil,c) = root for any character c. We leave
suf (nil) undefined. Furthermore, for a node u that has no outgoing edge
with distinguishing character ¢, we define child(u,c) = nil.

We denote the individual characters of T' (the string to be indexed) by t;,
where 1 < ¢ < n, ie, T = t;---t,. We define T; as the prefix of T of
length i, and let Tree(T;) denote a suffix tree indexing the string T;.

3.2. Construction Algorithm. Ukkonen’s algorithm is incremental. In
iteration ¢ we build Tree(T;) from Tree(T;—1), and thus after n iterations we
have Tree(T,) = Tree(T). Hence, iteration i adds i strings at; to the tree
for all suffixes o of T;_1. For each at; precisely one of the following holds:

1. a occurs in only one position in 7;_;. This implies that (s) = « for
some leaf s of Tree(T;—1). In order to add at; we need only increment
depth(s).

2. « occurs in more than one position in T;_1, but at; does not occur
in T;_7. This implies that a new leaf must be created for at;, and
possibly an internal node has to be created as well, to serve as parent
of that leaf.

3. at; occurs already in T;_1 and therefore is already present in Tree(T;_1).

Observe that if (in a specific suffix tree), for a given ¢;, case 1 holds for
aqt;, case 2 for aot;, and case 3 for ast;, then « is longer than as, which in
turn is longer than as.
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1 While proj > 0, do

2 r < child (ins, tfront—proj )-

3 d <« depth(r) — depth(ins)

4 If r is a leaf or proj < d, then return r,
5 else proj < proj — d, ins < r.

6 Return nal.

FI1GURE 1. Canonize function.

For case 1, all work can be avoided if we represent depth(s) implicitly
for all leaves s: We represent the leaves as numbers and let leaf(j) be the
leaf representing the suffix beginning at position j of T'. This implies that
if s = leaf(j), then after iteration i we have depth(s) = i — j + 1 and
pos(s) = j — depth(parent(s)). Hence, neither depth(s) nor pos(s) needs to
be stored.

Now, the point of greatest depth where the tree may need to be altered in
iteration i is point(«), where « is the longest suffix of T;_; that also occurs
in some other position in 7T;_;. We call this the active point. Before the first
iteration, the active point is (root, 0, c), where c is any character.

Other points that need modification can be found from the active point by
following suffix links, and possibly some downward edges. Finally, we reach
the point that corresponds to the longest at; string for which case 3 above
holds, which concludes iteration ¢. We call this the endpoint. The active
point for the next iteration is found simply by moving one character (¢;)
downward from the endpoint.

We maintain a variable front that holds the position to the right of the
string currently included in the tree. Hence, front = ¢ before iteration ¢, and
front =i+ 1 after.

Two variables ins and proj are kept so that (ins, proj,tfmnt,pmj) is the
insertion point, the point where new nodes are inserted. At the beginning of
each iteration, the insertion point is set to the active point. The Canonize
function in Figure 1 is used to ensure that (ins, proj,tfmnt,pmj) is a valid
point after proj has been incremented, by moving ins along downward edges.

Figure 2 shows the complete procedure for one iteration of the construction
algorithm. This takes constant amortized time, provided that the operation
to retrieve child(u,c) given u and ¢ takes constant time. (Proof given by
Ukkonen [11].) For most realistic alphabet sizes, this requires that a hash
coding representation is used, as suggested by McCreight [6].

4. MAINTAINING A SLIDING WINDOW

In this section, we assume that the string to be indexed is T" = #4451 . . . tfront,
where tail and front are numbers such that at any point in time tail < front
and front — tail < M for some maximum length M. For convenience, we
assume that front and tail may grow indefinitely. However, in practice the
indices should be represented as integers modulo M, and T stored in a cir-
cular buffer. This means that, e.g., t; = t; 1 and leaf (i) = leaf (i + M) for
any 1.

The algorithm of Figure 2 can be viewed as a method to increment front.
Below, we give a method to increment tail without asymptotic increase in
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1 v+« nil
2 Repeat
3 r « Canonize.

4 If r # ndl, then

5 If tpos(r)+proj = tfront, then endpoint found,
6 else

7 Assign v an unused node.

8 depth(u) <« depth(ins) + proj.

9 pos(u) « front — proj.

10 Create edges (ins,u) and (u,r).

11 Remove edge (ins, ).

12 If r is an internal node, then

13 pos(r) «— pos(r) + proj.

14 else

15 If child(ins,tfront) = nil, then u « ins,
16 else endpoint found.

17 If not endpoint found, then

18 s « leaf (front — depth(u)).

19 Create edge (u, s).
20 suf (v) «— u, v — u, ins — suf (ins).

21 until endpoint found.
22 suf(v) « ins.
23 proj < proj + 1, front «— front + 1.

FIGURE 2. One iteration of construction.

time complexity. Thus, we can maintain a suffix tree as an index for a sliding
window of varying size at most M, while keeping time complexity linear in
the number of processed characters. The storage space requirement is O (M).

4.1. Deletions. Removing the leftmost character of the indexed string in-
volves removing the longest suffix of T, i.e. T itself, from the tree. It is
clear that Tree(T') must have a leaf v such that (v) = T. Also, it is clear
that v = leaf (tail). It therefore appears at first glance to be a simple task
to locate v and remove it from the tree in the following way:

Let v = leaf (tail), u = parent(v) and remove the edge (u,v). If
u has at least two remaining children, then we are done.

Otherwise, let s be the remaining child of u; v and s should
be contracted into one node. Let w = parent(u). Remove the
edges (w,u) and (u, s), and create an edge (w, s). u has now been
removed from the tree and can be marked unused. Finally, if s is
not a leaf, pos(s) should be updated by subtracting depth(u) —
depth(w) from it.

However, this is not sufficient for a correct tail increment procedure. We
must first ensure that the variables ins and proj are kept valid. This is
violated if the deleted node w is equal to ins. Fortunately, it is an easy
matter to check whether u = ins, and if so, let ins back up by changing it
to w and increasing proj by depth(u) — depth(v).

Secondly, we must ensure that no other suffix than the whole of T is
removed from the tree. This is violated if T has a suffix « that is also a
prefix of T', and if point(«a) is located on the incoming edge of the removed
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leaf; in this case « is lost from the tree. A solution to this problem can be
found in the following lemma:

Lemma 1. Assume that:

1. T and o are nonempty strings;

2. « is the longest string such that T = da = af for some nonempty
strings § and 0;

3. if T has a suffix ap for some nonempty u, then u is a prefix of 6.

Then « is the longest suffix of T that also occurs in some other position in T .

Proof. Trivially, by assumptions 1 and 2, « is a suffix of T" that also occurs
in some other position in T'. Assume that it is not the longest one, and let
xa be a longer suffix that occurs in some other position in 7'. This implies
that T' = ¢xa = Bxary, for some nonempty strings ¢, x, G, and ~.

Since ary is a suffix of T', it follows from assumption 3 that v is a prefix
of . Hence, § =~ for some string #’. Now observe that T'= af = af'.
Letting o/ = ary and §' = Sy then yields T = ¢’/ = /', where || > |a],
which contradicts assumption 2. O

Let « be the longest suffix that would be lost. (This guarantees that the
premises of the lemma are fulfilled.) If we ensure that « is kept, no suffixes
can be lost, since all potentially lost suffixes are prefixes of T and therefore
also of a.

From Lemma 1 we conclude that « is the longest suffix of T" that occurs in
some other position in 7. Hence, point(«) is the insertion point. Therefore,
before we delete v, we call Canonize and check whether its returned value
is equal to v. If so, instead of deleting v, we replace it by leaf (front — |a).

Finally, we must ensure that edge labels do not become out of date when
tail is incremented, i.e. that pos(u;) > tail for all internal nodes wu;. Since
each leaf corresponds to a suffix of 7' (and thereby a string contained in T'),
traversing the tree to the root to update position values for each added leaf
could take care of this. However, this would yield quadratic time complexity,
so we must restrict the number of updates.

The following scheme originates from Fiala and Greene [5]. We let each
leaf contribute a credit to the tree. When a leaf is added, it issues one credit
to its parent. Each internal node u has a credit counter cred(u) that is
initially zero. If a node receives a credit when the counter is zero, it sets the
counter to one. When a node with its counter set to one receives a credit, it
sets the counter to zero and issues, to its parent, the one of the two received
credits that originates from the most recent leaf.

If an internal node scheduled for removal holds one credit, that is issued
to its parent when the node is removed. Each time a credit is passed to a
node u, pos(u) is updated. We define a fresh credit as a credit originating
from one of the leaves currently present. Hence, if a node u has received a
fresh credit, then pos(u) > tail

The following lemma states that this scheme guarantees valid edge labels.
(Fiala and Greene [5] make an analogous statement.)

Lemma 2. Fach node has issued at least one fresh credit.

Proof. Trivially, all nodes of maximum depth are leaves, and have issued
fresh credits, originating from themselves. Assume that all nodes of depth k
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1 r < Canonize, v — leaf (tail).

2 u « parent(v), remove edge (u,v).

3 If v=r, then

4 k< front — (depth(ins) + proj).

5  Create edge (ins, leaf (k)).

6 Update(ins, k), ins — suf (ins).

7 else

8 If v has only one remaining child, then
9 w «— parent(u).

10 d «— depth(u) — depth(w).

11 If u = ins, then

12 ns «— w, proj < proj + d.
13 Assign s the child of u.

14 If cred(u) = 1, then

15 Update(w, pos(s) — depth(u)).
16 Remove edges (w,u) and (u, s).
17 Create edge (w, s).

18 If s is an internal node, then

19 pos(s) «— pos(s) — d.
20 Make a note that w is unused.
21 tail < tail 4 1.

FIGURE 3. Deletion.

1 While u # root, do

2 v« parent(u).

3k «— max{k, pos(u) — depth(v)}.

4 pos(u) — k + depth(v).

5  cred(u) «— 1 — cred(u).

6  If cred(u) = 1, then return,

7 else, u «— v.

FIGURE 4. Update(u, k).

have issued fresh credits. Let u be an internal node of depth k£ — 1, then
each child v of u has issued a fresh credit. This has either been passed on to
u immediately or to a node between u and v which has later been removed.
Since remaining credits are sent upwards from nodes that are removed, that
credit or an even more recent credit must have propagated to u. Thus, v has
received fresh credits from all its children (at least two), and must therefore
have issued at least one fresh credit.

Consequently, nodes of all depths have issued fresh credits. O

Figure 3 shows the final algorithm for advancing tail, and Figure 4 shows
the routine Update(u, k) for passing credits upwards in the tree, where the
parameter u is a node to which a credit is issued and k is the starting position
of a recently added suffix that starts with (u). The algorithm to advance
front is as in Figure 2, with the following additions to supply credits from
inserted leaves:

After line 10:  Update(ins, front — depth(u)), cred(u) « 1.
After line 19:  Update(u, front — depth(u)).
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We can now state the following:

Theorem 1. The presented algorithm correctly maintains a sliding window
in time linear in the size of the input.

The proof follows from Lemma 1 and 2 together with the previous dis-
cussions. The details are omitted. If the alphabet size is not regarded as
a constant this bound requires that hash coding is used, i.e., it concerns
randomized time.

5. STATISTICAL MODELING

The most effective results in data compression have been achieved by
statistical modeling in combination with arithmetic coding. Specifically,
prediction by partial matching (PPM) is the scheme that has generated the
most notable results during the last decade. The original PPM algorithm
was given by Cleary and Witten [4]. Moffat’s variant PPMC [7] offers a
significant improvement.

The most prominent PPM variant with respect to compression perfor-
mance is a variant named PPM*, given by Cleary, Teahan, and Witten [3].
However, as originally presented, this is hardly practical due to very large
demands in computational resources. We show that PPM*-style methods
can be implemented in linear time and in space bounded by an arbitrarily
chosen constant, using the techniques of the previous sections.

5.1. PPM and PPMC. The idea of PPM is to regard the last few characters
of the input stream as a contert, and maintain statistical information about
each context in order to predict the upcoming character. The number of
characters used as a context is referred to as the order.

For each context, a table of character counts is maintained. When a
character ¢ appears in context C, the count for ¢ in C' is used to encode the
character: the higher the count, the larger the code space allocated to it. The
encoding is most effectively performed with arithmetic coding [8, 13]. When
a character appears in a context for the first time, its count in that context
is zero, and the character can not be encoded. Therefore each context also
keeps an escape count, used to encode a new event in that context. When
a new event occurs, the algorithm “falls back” to the context of nearest
smaller order. A (—1)-order context, where all characters are assumed to be
equally likely, is maintained for characters that have never occured in the
input stream. New contexts are added as they occur in the input stream.

How and when to update escape counts is an intricate problem. Witten
and Bell [12] consider several heuristics.

5.2. PPM*. Previous to PPM*, the maximum order has usually been set
to some small number. This is primarily to keep the number of states from
growing too large, but also a decrease in compression performance can be
observed when the order is allowed to grow large (to more than about six).
This is because large-order contexts make the algorithm less stable; the
chance of the current context not having seen the upcoming character is
larger. However, the performance of PPM* demonstrates that with a careful
strategy of choosing contexts, allowing the order to grow without bounds
can yield a significant improvement.
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In PPM* all substrings that have occured in the input stream are stored
in a trie and each node in the trie is a context. A context list is maintained,
holding all the contexts that match the last part of the input stream. Among
these, the context to use for encoding is chosen. (Using the strategy of earlier
PPM variants, the context to use would be the one of highest order, i.e. the
node with greatest depth, but Cleary, Teahan, and Witten argue that this
is not the best strategy for PPM*.) The tree is updated by traversing the
context list, adding nodes where necessary. Escaping is also performed along
the context list.

5.3. Using a Suffix Tree. Cleary, Teahan, and Witten observe that col-
lapsing paths of unary nodes into single nodes, i.e. path compression, can
save substantial space. We make some further observations that lead us to
the conclusion that the suffix tree operations described in previous sections
are suitable to maintain the data structure for a PPM* model.

1. A context trie is equivalent to a suffix tree. A path-compressed context
trie is a suffix tree indexing the processed part of the input, according to
the definition in Section 2.

2. Context list. The context list of the PPM* scheme corresponds to a chain
of nodes in the suffix tree connected by suffix links. Using suffix links, it is
not necessary to maintain a separate context list.

3. Storing the counts. The characters that have non-zero counts in a context
are exactly the ones for which the corresponding node in the trie has children.
Hence, if child(u, c) = v, the count for character ¢ in context u can be stored
in v. There is no need for additional tables of counts for the contexts.
Cleary, Teahan, and Witten state that path compression complicates node
storage, since different contexts may belong to the same node. However, if
two strings (contexts) belong to the same node, this implies that one is a
prefix of the other, and that there are no branches between them. Hence,
they have always appeared in the input stream with one as the prefix of the
other. Therefore, it appears that the only reasonable strategy is to let them
have the same count, i.e., only one count needs to be stored.

We conclude that PPM modeling with unbounded context length for an
input of size n can be done in time O(n+U(n)), where U(n) is the time used
for updating frequency counts and choosing states among the nodes. Thus,
we are in a position where asymptotic time complexity depends solely on the
count updating strategy. Furthermore, restraining update and state choice
to a constant number of operations per visited node (amortized) appears to
be a reasonable limitation.

5.4. Sliding Window. Using a suffix tree that is allowed to grow without
bounds, until it covers the whole input, is still not a practical method. For
large files, primary storage can not even hold the complete file, let alone a
suffix tree for that file.

Clearly, it is necessary to bound the size of the data structure. We do
that by letting the suffix tree index only the last M characters of the in-
put, using the sliding window techniques of Section 4. In this way, contexts
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corresponding to strings occuring in the latest M characters are always main-
tained, while older contexts are “forgotten.” Note, however, that we do not
lose all earlier information when deleting old contexts, since the counts of
remaining contexts are influenced by earlier parts of the input.

Preliminary experiments indicate that this scheme, already with a simplis-
tic strategy for updating and choosing states (choosing the active point as
current state and updating nodes only when used), yield highly competitive
results—e.g. an improvement over PPMC in most cases.

6. Z1v-LEMPEL COMPRESSION

Methods based on the original algorithm of Ziv and Lempel [14] oper-
ate by storing the latest part (typically several thousand characters) of the
input seen so far, and for each iteration finding the longest match for the
upcoming part of the input. It then emits the position in the buffer of that
matching string, together with its length. If no match is found, the character
is transferred explicitly.

The main part of Ziv-Lempel compression consists of searching for the
longest matching string. This can be done in asymptotically optimal time
by maintaining a suffix tree to index the buffer. For each iteration, the
longest match can be located by traversing the tree from the root, following
edges corresponding to characters from the input stream.

Rodeh, Pratt, and Even [9] show that it is possible to implement a linear-
time Ziv-Lempel algorithm utilizing a suffix tree. However, with deletions
from the suffix tree, their algorithm requires 2(n) space to process an input
of length n. This implies that large inputs must be split into blocks, which
decreases compression performance. To overcome this, they employ three
coexisting suffix trees for overlapping sections of the input to emulate a
sliding window index.

Our sliding window technique yields a natural implementation of Ziv-
Lempel compression, which operates in linear time.

7. CONCLUSION

We conclude that, using our algorithm, PPM modeling with unbounded
context length for an input of size n can be done in time O(n+U(n)), where
U(n) is the time used for updating frequency counts and choosing states
among the nodes. Thus, asymptotic time complexity depends solely on the
count updating strategy. Space requirements can be bounded by a constant,
which is chosen depending on the application and available resources. Pre-
liminary experiments indicate that this yields highly competitive results.

Furthermore, with our sliding window technique we obtain a natural im-
plementation of Ziv-Lempel compression which runs in linear time.

It has been noted, e.g. by Bell and Witten [2], that there is a strong con-
nection between string substituting compression methods and symbolwise
(statistical) methods. Our assertion that the exact same data structure is
useful in both these families of algorithms serves as a further illustration of
this.
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SUFFIX TREES ON WORDS

ARNE ANDERSSON, N. JESPER LARSSON, AND KURT SWANSON

ABSTRACT. We discuss an intrinsic generalization of the suffix tree, de-
signed to index a string of length n which has a natural partitioning into
m multi-character substrings or words. This word suffiz tree represents
only the m suffixes that start at word boundaries. These boundaries are
determined by delimiters, whose definition depends on the application.

Since traditional suffix tree construction algorithms rely heavily on
the fact that all suffixes are inserted, construction of a word suffix tree is
nontrivial, in particular when only O(m) construction space is allowed.
We solve this problem, presenting an algorithm with O(n) expected run-
ning time. In general, construction cost is 2(n) due to the need of scan-
ning the entire input. In applications that require strict node ordering,
an additional cost of sorting O(m’) characters arises, where m’ is the
number of distinct words. In either case, this is a significant improve-
ment over previously known solutions.

Furthermore, when the alphabet is small, we may assume that the n
characters in the input string occupy o(n) machine words. We illustrate
that this can allow a word suffix tree to be built in sublinear time.

1. INTRODUCTION

The suffiz tree [18] is a very important and useful data structure for many
applications [6]. Traditional suffix tree construction algorithms rely heavily
on the fact that all suffixes are inserted, in order to obtain efficient time
bounds. Little work has been done for the common case where only certain
suffixes of the input string are relevant, despite the savings in storage and
processing times that are to be expected from only considering these suffixes.

Baeza-Yates and Gonnet [7] have pointed out this possibility, by suggest-
ing inserting only suffixes that start with a word, when the input consists of
ordinary text. They imply that the resulting tree can be built in O(nH(n))
time, where H(n) denotes the height of the tree, for n characters. While the
expected height is logarithmic under certain assumptions [16], it is unfortu-
nately linear in the worst case, yielding an algorithm that is quadratic in the
size of the input.

One important advantage of this strategy is that it requires only O(m)
space for m words. Unfortunately, with a straightforward approach such as
that of the aforementioned algorithm, this is obtained at the cost of a greatly
increased time complexity. We show that this is an unnecessary tradeoff.

We formalize the concept of words to suit various applications and present
a generalization of suffix trees, which we call word suffix trees. These trees
store, for a string of length n in an arbitrary alphabet, only the m suffixes
that start at word boundaries. Linear construction time is maintained, which
in general is optimal, due to the requirement of scanning the entire input.
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b b bbb b bbb b b
(a) CAGTAGATAGAATCTTCAGTCTTTAGATCAGTCAGS
1 4 5 36 1 366 4 1 2

FIGURE 1. A sample string where b = T, and its number
string (a), created from its corresponding word trie (b).

Definitions and Main Results. We study the following formal problem:
We are given an input string consisting of n characters from an alphabet
of size k, including two, possibly implicit, special characters $ and b. The
$ character is an end marker which must be the last character of the input
string and may not appear elsewhere, while b represents some delimiting
character which appears in m — 1 places in the input string. We regard the
input string as a series of words—the m non-overlapping substrings ending
either with b or §. There may of course exist multiple occurrences of the
same word in the input string. We denote the number of distinct words
by m/. For convenience, we have chosen to regard each b or $ character as
being contained in the preceding word. This implies that there are no empty
words; the shortest possible word is a single b or $. The goal is to create a
trie structure containing m strings, namely the suffixes of the input string
that start at the beginning of words.

Figures 1 and 2 constitute an example where the input consists of a DNA
sequence, and the character T is viewed as the word delimiter. (This is a
special example, constructed for illustrating the algorithm, not a practical
case.) Figure 2b shows the word suffix tree for the string shown in Figure 1la.
These figures are more completely explained throughout this article.

Our definition can be generalized in a number of ways to suit various
practical applications. The b character does not necessarily have to be a
single character, we can have a set of delimiting characters, or even sets of
delimiting strings, as long as the delimiters are easily recognizable.

We define a lexicographic trie as a trie for which the strings represented
at the leaves appear in lexicographical order in an in-order traversal. A non-
lezicographic trie is not guaranteed to have this property. We now list the
main results of this article:

e A word suffix tree for an input string of size n containing m words can
be built in O(n) expected time and O(m) deterministic space.

e A lexicographic word suffix tree for an input string of size n containing
m words of which m/ are distinct can be built in O(n+ s(m’)) expected
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FIGURE 2. The number suffix tree (a) and its expansion into
the final word suffix tree (b). (Dotted lines denote corre-
sponding levels.)

time and O(m) deterministic space, where s(m') is the time required
to sort m’ characters.
e A lexicographic word suffix tree for an input string of size n containing
m words of which m’ are distinct can be built deterministically in O(n+
i(m,m’)) time and O(m) space, where i(m,m’) is the time required
to insert m characters into ordered dictionaries each bounded in size
by m/.
In addition, we obtain the following results, which show that the seem-
ingly inherent lower bound of {2(n) construction time can in some cases be
surpassed when constructing word suffix trees:

e When the positions of all delimiters are known, a lexicographic word
suffix tree on a string comprising m words of which m’ are distinct, can
be constructed in time

o <% +m+ Sb(m’)>

for some integer parameter b < w, where N is the number of bits in
the input, w is the machine word length, and s,(m’) is the time to sort
m/ b-bit integers.

e Given a Huffman coded input string of n characters coded in N bits
where the alphabet size k satisfies & = O(y/n/log?n), a word suffix
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tree on m natural words can be constructed in time

O( N —i—m),
logn

with construction space O(m + /n).

2. DATA STRUCTURE CONSIDERATIONS

All tries discussed (the word suffix tree as well as some temporary tries) are
assumed to be path compressed, i.e., they contain no nodes with out-degree
one (other than possibly the root), and the edges of the trie are labeled with
strings rather than characters. In order to reduce space requirements, these
strings are represented by pointers into the original string. Thus, a trie with
m leaves occupies ©(m) space.

When choosing a trie implementation, it is important to be aware of which
types of queries are expected. One important concept is the ordering of the
nodes. Maintaining a lexicographic trie may be useful in some applications,
e.g. to facilitate neighbor and range search operations. Note, however, that
in many applications the alphabet is merely an arbitrarily chosen enumera-
tion of unit entities with no tangible interpretation of range or neighbor, in
which case a lexicographic trie has no advantage over its non-lexicographic
counterpart.

Most of the work done on suffix tree construction seems to assume that a
suffix tree is implemented as a lexicographic trie. However, it appears that
the majority of the applications of suffix trees, for example all those given
by Apostolico [6], do not require a lexicographic trie. Indeed, in his classic
article on suffix tree construction, McCreight [15] concludes that the use of
hash coding, which implies a non-lexicographic trie, appears to be the best
representation.

Because of the factors of different applications, it is necessary to discuss
several versions of tries. We consider specifically the following possibilities:

1. Each node is implemented as an array of size k. This allows fast
searches, but consumes a lot of space for large alphabets.

2. Each node is implemented as a linked list or, preferably, as a binary
search tree. This saves space at the price of a higher search cost, when
the alphabet is not small enough to be regarded as constant.

3. The edges at each node are hash-coded (randomized construction). Us-
ing dynamic perfect hashing [8], we are guaranteed that searches spend
constant time per node, even for a non-constant alphabet. Further-
more, this representation may be combined with variant 2.

4. Instead of storing pointers into the input string for each edge, the
pointers are stored only at the leaves, and the character distinguishing
each edge is stored explicitly. Thereby, the input string is not accessed
while traversing internal nodes during search operations. Hence, an
input string stored in secondary memory needs to be accessed only
once per search operation.

In the following sections, we assume that the desired data structure is
a non-lexicographic trie and that a randomized algorithm is satisfactory,
except where otherwise stated. This makes it possible to use hash coding to
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represent trees all through the construction. However, we also discuss the
creation of lexicographic suffix trees, as well as deterministic construction
algorithms.

An important fact is that a non-lexicographic trie can be made lexico-
graphic at low cost by sorting all edges according to the first character of
each edge, and then rebuilding the tree in the sorted order. We state this in
the following observation:

Observation 1. A non-lexicographic trie with | leaves can be made lexico-
graphic in time O(l14s(l)), where s(1) is the time required to sortl characters.

3. WASTING SPACE: ALGORITHM A

We first observe the possibility of creating a word suffix tree from a tradi-
tional ©(n) size suffix tree. This is relatively straightforward. Delimiters are
not necessary when this method is used—the suffixes to be represented can
be chosen arbitrarily. Unfortunately however, the algorithm requires much
extra space during construction.

We refer to the procedure as Algorithm A:

1. Build a traditional non-lexicographic suffix tree for the input string in
O(n) time with a traditional algorithm [15, 17], using hashing to store
edges.

2. Refine the tree into a word suffix tree: remove the leaves that do not
correspond to any of the desired suffixes, and perform explicit path
compression. The time for this is bounded by the number of nodes in
the original tree, i.e. O(n).

3. If so desired, make the trie lexicographic in time O(m + s(m)) (by
Observation 1), where s(m) denotes the time to sort m characters.

If the desired final result is a non-lexicographic tree, the construction time
is O(n), the same as for a traditional suffix tree. If a sorted tree is desired
however, we have an improved time bound of O(n + s(m)) compared to the
©(n+ s(n)) time required to create a lexicographic traditional suffix tree on
a string of length n. (Note that while Farach [9] obtains linear construction
time, his approach requires sorting as a preparatory step.) We state this in
the following observation:

Observation 2. A word suffix tree on a string of length n with m words
can be created in O(n) time, using O(n) space, and made lexicographic at an
extra cost of O(m+s(m)), where s(m) denotes the time to sort m characters.

The disadvantage of Algorithm A is that it consumes as much space as
traditional suffix tree construction. Even the most space-economical imple-
mentation of Ukkonen’s or McCreight’s algorithm requires several values per
node in the range [0,n] to be held in primary storage during construction,
in addition to the n characters of the string. While this is infeasible in many
cases, it may well be possible to store the final word suffix tree of size ©(m).

4. SAVING SPACE: ALGORITHM B

In this section we present Algorithm B, the main word suffix tree construc-
tion algorithm, which in contrast to Algorithm A uses only ©(m) space.
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The algorithm is outlined as follows: First, a non-lexicographic trie with
m/ leaves is built, containing all distinct words: the word trie. Next, this
trie is traversed and each leaf (corresponding to each distinct word in the
input string) is assigned its in-order number. Thereafter, the input string
is used to create a string of m numbers by representing every word in the
input by its in-order number in the word trie. A lexicographic suffix tree is
constructed for this string. This number-based suffix tree is then expanded
into the final non-lexicographic word suffix tree, utilizing the word trie.

Below, we discuss the stages in detail.

1. Building the word trie. We employ a recursive algorithm to create a
non-lexicographic trie containing all distinct words. Since the delimiter is
included at the end of each word, no word can be a prefix of another. This
implies that each word will correspond to a leaf in the word trie. We use
hash coding for storing the outgoing edges of each node. The construction
is performed top-down by the following algorithm, beginning at the root,
which initially contains all words:

1. If the current node contains only one word, return.

2. Set the variable ¢ to 1.

3. Check if all contained words have the same ith character. If so, incre-
ment ¢ by one, and repeat this step.

4. Let the incoming edge to the current node be labeled with the substring
consisting of the ¢ — 1 character long common prefix of the words it
contains. If the current node is the root, and 7 > 1, create a new,
unary, root above it.

5. Store all distinct ith characters in a hash table. Construct children for
all distinct ith characters, and split the words, with the first ¢ characters
removed, among them.

6. Apply the algorithm recursively to each of the children.

Each character is examined no more than twice, once in step 3 and once
in step 5. For each character examined, steps 3 and 5 perform a constant
number of operations. Furthermore, steps 2, 4, and 6 take constant time and
are performed once per recursive call, which is clearly less than n. Thus, the
time for construction is O(n).

2. Assigning in-order numbers. We perform an in-order traversal of the trie,
and assign the leaves increasing numbers in the order they are visited, as
shown in Figure 1. At each node, we take the order of the children to be the
order in which they appear in the hash table. It is crucial for the correctness
of the algorithm (Stage 5), that the following property holds:

Definition 1. An assignment of numbers to strings is semi-lexicographic
if and only if for all strings, o, B, and vy, where o and § have a common
prefix that is not also a prefix of v, the number assigned to v is either less
or greater than both numbers assigned to o and (.

For an illustration of this, consider Figure 1b. The requirement that the
word trie is semi-lexicographic ensures that consecutive numbers are assigned
to the strings AGAT and AGAAT, since these are the only two strings with
the prefix AGA.
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The time for this stage is the same as for an in-order traversal of the word
trie, which is clearly O(m'), where m’ < m is the number of distinct words.

3. Generating a number string. In this stage, we create a string of length m
in the alphabet {1,...,m'}.

This is done in O(n) time by scanning the original string while traversing
the word trie, following edges as the characters are read. Each time a leaf is
encountered, its assigned number is output, and the traversal restarts from
the root.

4. Constructing the number-based suffiz tree. In this stage we create a
traditional lexicographic suffix tree from the number string. For this, we use
an ordinary suffix tree construction algorithm, such as McCreight’s [15] or
Ukkonen’s [17]. Edges are stored in a hash table. The time needed for this
is O(m).

Since hash coding is used, the resulting trie is non-lexicographic. However,
it follows from Observation 1 that it can be made lexicographic in O(m) time
using bucket sorting. In the lexicographic trie, we represent the children at
each node with linked lists, so that the right sibling of a node can be accessed
in constant time.

As an alternative, the suffix tree construction algorithm of Farach [9] can
be used to construct this lexicographic suffix tree directly in O(m) time,
which eliminates the randomization element of this stage.

5. Fxpanding the number-based suffiz tree. In this stage, each node of the
number-based suffix tree is replaced by a local trie, containing the words
corresponding to the children of that node. First, we preprocess the word
trie for least common ancestor retrieval in O(m’) time, using for example the
method of Harel and Tarjan [12]. This allows lowest common ancestors to be
obtained in constant time. The local tries are then built left-to-right, using
the fact that since the assignment of numbers to words is semi-lexicographic
and the number-based suffix tree is lexicographic, each local trie has the
essential structure of the word trie with some nodes and edges removed. We
find the lowest common ancestor of each pair of adjacent children in the
word trie, and this gives us the appropriate insertion point (where the two
words diverge) of the next node directly.

More specifically, after preprocessing for computation of lowest common
ancestors, we build the local trie at each node in the following manner. (The
node expansion is illustrated in Figure 2a—b.)

1. Insert the first word.

2. Retrieve the next word in left-to-right order from the sorted linked list
of children. Compute the lowest common ancestor of this word and the
previous word in the word trie.

3. Look into the partially built trie to determine where the lowest common
ancestor of the two nodes should be inserted, if it is not already there.
This is done by searching up the tree from the last inserted word until
reaching a node that has smaller height within the word trie.

4. If necessary, insert the internal (lowest common ancestor) node, and
insert the leaf node representing the word.
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5. Repeat from step 2 until all children have been processed.
6. If the root of the local trie is unary, remove it via path compression.

Steps 1 and 6 take constant time, and are executed once per internal
node of the number-based suffix tree. This makes a total of O(m’) time
for these steps. Steps 2, 4 and 5 also take constant time, and are executed
once per node in the resulting word suffix tree. This implies that their total
cost is O(m). The total work performed in Step 3 is essentially an in-order
traversal of the local subtree being built. Thus, the total time for Step 3 is
proportional to the total size of the final tree, which is O(m). Consequently,
the expansion takes a total of O(m) time.

The correctness of the algorithm can be verified in a straightforward man-
ner. The crucial point is that the number-based suffix tree has the essential
structure of the final word suffix tree, and that the expansion stage does not
change this.

Theorem 1. A word suffix tree for an input string of size n containing m
words can be built in O(n) expected time and O(m) deterministic space.

5. EXTENSIONS AND VARIATIONS

Although the use of non-lexicographic suffix trees and randomization
(hash coding) during construction is sufficient for a majority of practical ap-
plications, we describe extensions to Algorithm B in order to meet stronger
requirements.

5.1. Building a Lexicographic Trie. Although applications commonly
have no use for maintaining a lexicographic trie, there are cases where this
is necessary. (A specialized example is the number-based suffix tree created
in Stage 4 of Algorithm B).

If the alphabet size k is small enough to be regarded as a constant, it is
trivial to modify Algorithm B to create a lexicographic tree in linear time:
instead of hash tables, use any ordered data structure (most naturally an
array) of size O(k) to store references to the children at each node.

If hashing is used during construction as described in the previous sec-
tion, Algorithm B can be modified to construct a lexicographic trie simply
by requiring the number assignments in Stage 2 to be lexicographic instead
of semi-lexicographic. Thereby, the number assignment reflects the lexico-
graphic order of the words exactly, and this order propagates to the final
word suffix tree. A lexicographic number assignment can be achieved by
ensuring that the word trie constructed in Stage 1 is lexicographic. Ob-
servation 1 states that the trie can be made lexicographic at an extra cost
which is asymptotically the same as for sorting m’ characters, which yields
the following:

Theorem 2. A lexicographic word suffiz tree for an input string of size n
containing m words of which m' are distinct can be built in O(n + s(m'))
expected time and O(m) deterministic space, where s(m') is the time required
to sort m' characters.
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For the general problem, with no restrictions on alphabet size, this implies
an upper bound of O(n log log n) by applying the currently best known upper
bound for integer sorting [2].

5.2. A Deterministic Algorithm. A deterministic version of Algorithm B
can be obtained by representing the tree with only deterministic data struc-
tures, such as binary search trees. Also, when these data structures maintain
lexicographical ordering of elements (which is common, even for the data
structures with the best known time bounds) the resulting tree becomes lex-
icographic as a side effect. We obtain a better worst case time, at the price
of an asymptotically inferior expected performance.

We define i(m, m’) to denote the time to insert m characters into ordered
dictionaries each bounded in size by m/, where m’ < m is the number of
distinct words. In a straightforward manner, we can replace the hash tables
of Stages 1 and 4 with deterministic data structures. Since no node may have
higher out-degree than m’, the resulting time complexity is O(n +i(m,m’)).

Theorem 3. A lexicographic word suffiz tree for an input string of size n
containing m words of which m' are distinct can be built deterministically in
O(n + i(m,m')) time and O(m) space, where i(m,m’) is the time required
to insert m characters into ordered dictionaries each bounded in size by m/’.

Using binary search trees, i(m,m’) = O(mlogm’). There are other pos-
sibilities, for example we could implement each node as a fusion tree [10],
which implies i(m, m") = O(mlogm'/loglog m'), or as an exponential search
tree [1], in which case i(m,m’) is O(m+/log m’) or O(mloglogm’ loglog k),
the latter bound being the more advantageous when the alphabet size is
reasonably small.

6. SUBLINEAR CONSTRUCTION: ALGORITHM C

In some cases, particularly when the alphabet is small, we may assume
that the n characters in the input string occupy o(n) machine words. Then
it may be possible to avoid the apparently inescapable Q(n) cost due to
reading the input.

This theme can be altered in many ways, the details depend on the ap-
plication. The purpose of this (somewhat technical) section is to show that
a cost of 2(n) is not a theoretical necessity.

We start by studying the case when the positions of the delimiters are
known in advance. Then we describe an application where the input string
can be scanned and delimiters located in o(n) time.

If the alphabet size is k, then each character occupies log k bits and the
total length of the input is N = nlogk bits stored in N/w machine words,
where w is the number of bits in a machine word. (In this section, it is
important to distinguish between “words” in the input string and hardware-
dependent “machine words”.)

We make the following observation:

Lemma 1. A lexicographic trie containing strings of a-bit characters can be
transformed into the corresponding lexicographic trie in a b-bit alphabet in
linear time, where a and b are not larger than the size of a machine word.
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Proof (sketch). The transformation is made in two steps. First, we trans-
form the trie of a-bit characters into a binary trie. The binary trie is then
transformed into the final b-bit trie. For the first part, the essential obser-
vation is that the lowest common ancestor of two neighboring strings can be
computed by finding the position of their first differing bit. This position can
be found in constant time [10]. Using this information, we can construct a
binary path compressed trie in the same manner as the node expansion stage
of Algorithm B. The binary trie, in turn, can be trivially transformed into a
trie of the desired degree in linear time. (For a more detailed discussion, we
refer to [2]). O

The following algorithm, which we refer to as Algorithm C, builds a word
suffix tree, while temporarily viewing the string as consisting of n’ b-bit
pseudo-characters, where n’ = o(n). It is necessary that this transformation
does not cause the words to consist of fractions of pseudo-characters. There-
fore, in the case where a word ends at the ith bit of a pseudo-character, we
pad this word implicitly with b — 4 bits at the end, so that the beginning of
the next word may start with an unbroken pseudo-character. This does not
influence the structure of the input string, since each distinct word can only
be replaced by another distinct word. Padding may add at most m (b — 1)
bits to the input. Consequently,

w0 (M=) o(% )

We are now ready to present Algorithm C:

1. Construct a non-lexicographic word trie in the b-bit alphabet in time
O(n'), as in Stage 1 of Algorithm B. The padding of words does not
change the important property of direct correspondence between the
words and the leaves of the word trie.

2. Sort the edges of this trie, yielding a lexicographic trie in the b-bit
alphabet in O(m’+ s,(m’)) time, by Observation 1, where s;(m’) is the
time to sort m’ b-bit integers.

3. Assign in-order numbers to the leaves, and generate the number string
in time O(n’), in the same manner as Stage 3 of Algorithm B.

4. Convert this word trie into a word trie in the original k-size alphabet,
utilizing Lemma 1. (This does not affect the in-order numbers of the
leaves).

5. Proceed from Stage 4 of Algorithm B.

The first four steps take time O(n’' + sp(m’)), and the time for the com-
pletion of the construction from Stage 4 is O(m). Thus the complexity of
Algorithm C is O(n'+m+sp(m’)). Thereby we obtain the following theorem:

Theorem 4. When the positions of all delimiters are known, a lexicographic
word suffiz tree on a string comprising m words of which m’ are distinct, can
be constructed in time

O <% +m + Sb(m,)>
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for some integer parameter b < w, where N is the number of bits in the
input, w is the machine word length, and sy(m’) is the time to sort m' b-bit
mntegers.

Note that Theorem 4 does not give a complete solution to the problem
of creating a word suffix tree. We still have to find the delimiters in the
input string, which may take linear time. Below, we illustrate a possible
way around this for one application.

Ezxample: Huffman Coded Text. Suppose we are presented with a Huffman
coded text and asked to generate an index on every suffix starting with a
word. Furthermore, suppose that word boundaries are defined to be present
at every position where a non-alphabetic character (a space, comma, punc-
tuation etc.) is followed by an alphabetic character (a letter), i.e. we have
implicit b characters in these positions. The resulting word suffix tree may
be a binary trie based on the Huffman codewords, or a trie based on the
original alphabet. Here we assume the former.

We view the input as consisting of b-bit pseudo-characters, where b = 10%".
The algorithm is divided in two main parts.

1. Create a code table. We start by creating a table containing 2° entries,
each entry corresponding to one possible pseudo-character. For each entry,
we scan the corresponding pseudo-character and examine its contents by
decoding the Huffman codewords contained in it. If there is an incomplete
Huffman codeword at the end, we make a note to the length of this codeword.
We denote the decodable part of the pseudo-character as a chunk. While
decoding the contents of a table entry, we check if any word boundaries
are contained in the decoded chunk. If so, this is noted in the table entry.
Furthermore, we check if the last character in the chunk is non-alphabetic,
in which case we note that this character, together with the first character
in the next chunk, may define a word boundary.

The time to create and scan the table is at most proportional to the total
number of bits it contains, which is 2° - b.

2. Scan the input and locate delimiters. We use p as a pointer into the input
string.

1. Set p to 1.

2. Read a pseudo-character (b bits), starting at position p.

3. Use the pseudo-character as an address in the code table. Examine
if any word boundaries are contained in the corresponding decoded
chunk. Let ¢ be the length of the chunk. We have two cases:

(a) i > b/2. Update p to point at the first bit after the chunk and go
to 2.

(b) ¢ < b/2. Continue reading bits in the input string one at a time
while traversing the Huffman tree until the end of a character is
found. Update p to point at the first bit after this character and
go to 2.

Assuming that b consecutive bits can be read in O(1) time, the time con-

sumption for Step 2 is constant. This step is performed a total number of
O ([N/b]) times.
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Case 3a takes constant time plus the number of found word boundaries.
Hence the total cost of this case is O(N/b+ m).

Case 3b occurs when more than the last b/2 bits are occupied by a sin-
gle character. It consumes time proportional to the number of bits in the
character’s codeword each time it occurs. Hence, the total cost of Case 3b
equals the total number of bits occupied by codewords of length more than
b/2.

The length of a Huffman coded text asymptotically approaches the en-
tropy of the text. Therefore, we may assume that the length of the code-
word for a character with frequency f approaches —log f. This yields the
following;:

Observation 3. Given a Huffman coded input string of n characters, a
character whose Huffman codeword occupies i bits occupies a total of O(ni/2")
bits in the coded string.

Since the number of characters occupying ¢ bits can not exceed the alpha-
bet size, k, the total number of bits taken by codewords of length 7 or longer
is O(kNi/2"). Hence, the total number of bits taken by codewords of length
b/2 or longer is O(kNb/2"), which gives us a bound on the cost of Case 3b
above.

The total cost for finding delimiters becomes

N kNbD N kN logn
PLIN MUY = 1
O< b+ U > O<\/ﬁ ogn—i-logn—i-m—i- N )

The first term can be canceled since N > n and the last term can be canceled
if k = O(y/n/log?n). We then get a cost of

O( N —i—m).
logn

Next, applying Theorem 4 with the same choice of b, we find that s,(m') =
O(m’ +2°) = O(m' + y/n) by using bucket sorting; this cost is negligible.
The space used by this algorithm is O(m + y/n), the last term being due to
the table. This yields:

Observation 4. Given a Huffman coded input string of n characters coded
in N bits where the alphabet size k satisfies k = O(y/n/log®n), a word suffiz
tree on m natural words can be constructed in time

O( N +m>,
logn

with construction space O(m + y/n).

It should be noted that even if the alphabet is very large, the complexity
of our algorithm would be favorable as long as characters with long Huffman
codewords are rare, i.e. when the entropy of the input string is not too high.

7. A COMMENT ON THE TIME-SPACE TRADEOFF IN PRACTICE

Asymptotically, our space requirement is better than that of alternative
data structures, like the traditional suffix tree and the suffix array [14] or PAT
array [11]. In practice, however, an asymptotic advantage may sometimes
be neutralized by high constant factors.
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There are two aspects of space efficiency: the space required to construct
the data structure and the space required by the data structure after con-
struction.

First, we study the construction space. Recall that we have n characters,
m words, and m’ distinct words. The space taken by our construction al-
gorithm equals the space required to construct a traditional suffix tree of
m characters, plus the space required to store m’ words in the word trie,
(including lowest common ancestor links). In many practical cases, see Fig-
ure 3 for example, m’ is considerably smaller than m and we can neglect the
space required by the word trie.

Next, we discuss the space required by the final data structure. As a
very natural and space-efficient alternative to a tree structure, one may
store the suffix references in a plain sorted array, denoted suffix array [14]
or PAT array [11]. Such an array may be searched through binary search,
but in order to speed up the search, Manber and Myers [14] suggest using
an additional bucket array. The idea is to distribute the suffixes among b
buckets according to their first logb bits, as in traditional bucket sorting.
Manber and Myers suggested b = n/4 as a suitable value, but other values
are possible. This method is very helpful is cases when the suffix array is
stored in secondary memory; by storing a small bucket array in internal
memory, we may decrease the number of disk accesses significantly. One
disadvantage with the bucket array, however, is that the number of suffixes
may vary a lot between the buckets, many buckets may even be empty.
Therefore, Andersson and Nilsson suggested an improvement [5]: instead of
the bucket array, a small, efficiently implemented suffix tree may be used
to index the array of pointers. It is experimentally demonstrated that this
data structure uses less space than the bucket array while the number of disk
accesses is smaller. The reason for this advantage is that a trie in general,
and a level compressed trie in particular [3, 4], adapts more nicely to the
input distribution than a bucket array. For the same reasons, we conjecture
that an efficiently implemented word suffix tree will offer a better time—space
tradeoff than a bucket array.

Of course, an obvious advantage compared with the suffix array is the
construction cost; we need only ©(n) time (in some cases we also need to
sort m’ characters) while Manber and Myers’ suffix array algorithm requires
©(nlogn) time.

8. FiINAL COMMENTS

The word suffix tree is indeed a natural data structure, and it is surprising
that no efficient construction algorithm has previously been presented. We
now discuss several practical cases where word suffix trees would be desirable.

With natural languages, a reasonable word partitioning would consist of
standard text delimiters: space, comma, carriage return, etc. We could also
use implicit delimiters, as in the example in the preceding section. Using
word suffix trees, large texts can be manipulated with a greatly reduced space
requirement, as well as increased processing speed [7]. Figure 3 indicates that
the number of words, m, in common novels, is much less than the length of
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n m m/

Mark Twain’s Tom Sawyer 387922 71457 7389
August Strindberg’s Rda rummet 539473 91771 13425

Ficure 3. Examples of natural language text

the work in bytes, n. This difference is even greater when one considers the
number of distinct words, m/.

In the study of DNA sequences, we may represent a large variety of genetic
substructures as words, from representations of single amino acids, up to
entire gene sequences. In many such cases, the size of the overlying DNA
string is substantially greater than the number of substructures it contains.
As an example, there are merely tens of thousands of human genes, whilst the
entire length of human DNA contains approximately three billion nucleotides.

The word suffix tree is of particular importance when the indexed string
is not held in primary storage while the tree is utilized. Using the repre-
sentation of case 4 in Section 2 our data structure allows search operations
with a single access to secondary storage, using only O(m) cells of primary
storage, regardless of the length of the search string.

The related problem of constructing evenly spaced suffiz trees has been
treated by Krkkinen and Ukkonen [13]. Such trees store all suffixes for which
the start position in the original text are multiples of some constant. We
note that our algorithm can produce this in the same complexity bounds by
assuming implicit word boundaries at each of these positions.

It should be noted that one open problem remains, namely that of re-
moving the use of delimiters—finding an algorithm that constructs a trie of
arbitrarily selected suffixes using only O(m) construction space.
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THE CONTEXT TREES OF BLOCK SORTING COMPRESSION

N. JESPER LARSSON

ABSTRACT. The Burrows-Wheeler transform (BWT) and block sorting compres-
sion are closely related to the contezt trees of PPM. The usual approach of treating
BWT as merely a permutation is not able to fully exploit this relation.

We show that an explicit context tree for BWT can be efficiently generated by
taking a subset of the corresponding suffix tree, identify the central problems in
exploiting its structure, and trace the influence of the context tree on the common
move-to-front schemes. We experimentally obtain limits for compression using
the constructed trees, and, as an attempt at utilizing the full context tree, present
a compression scheme that represents the context tree explicitly as part of the
compressed data.

We argue that a conscious treatment of the context tree should be able to
achieve the full compression performance of PPM while maintaining the compu-
tational efficiency of BWT. Thus, BWT with explicit context trees is a strong
candidate for powerful general compression, especially for large data files.

1. INTRODUCTION

Block sorting compression was originally presented by Burrows and Wheeler in
1994 [3]. The method consists of a transform (henceforth referred to as the Burrows-
Wheeler transform, BWT) which reorganizes the input string to concentrate repeti-
tions. The transformed string can then be compressed by a simple locally adaptive
statistical compression scheme to yield compression ratios close to the best known
modelling schemes.

While BWT may at first glance appear to be a magical new algorithm, Cleary,
Teahan, and Witten [4] observed that its effect is quite similar to PPM [4, 5, 11]. We
take that similarity one step further in giving the context tree, which is implicit in
BWT, a concrete form. We present a computationally efficient method to construct
the tree, explore its power of capturing characteristics of the source, identify the
central points in using it for compression, and finally suggest a possible direction
towards an efficient complete compression algorithm, presenting a description of an
experimental program, with preliminary compression results.

This text is organized as follows: first, we describe the BWT transform, including
its time complexity, and discuss previous work. Section 3 identifies the implicit
context tree of BWT and gives an efficient algorithm to make it explicit. Section 4
reconsiders the common move-to-front encoding from the perspective of the context
tree. In Section 5 we discuss explicit use of the context tree in BWT compression and
exemplify by presenting an experimental algorithm. We conclude that compression
using the context tree is a good candidate for achieving the full benefits of tree
model methods such as PPM, while maintaining tight complexity bounds.
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2. BACKGROUND

We first present the basics of BWT as a starting point for the following text,
as well as discussions of previous work. Although our formulations are somewhat
different, the basis of this section is primarily Burrows and Wheeler [3].

2.1. Block Sorting Transform. We assume that the last symbol of the input is
a special end-of-file symbol $. With this assumption, sorting cyclic shifts of the
input, as in the common formulation of BWT, is equivalent to sorting suffizes of the
same string.

Let the input be a string ¢ = t1...t, of symbols. We assume that symbols are
represented as integers in the range [1,k]. The output of the transform is the pair
(t',1) where t' is a string of length n and i an integer in the range [1,n]. The
transform is performed as follows:

1. Sort all the suffixes of ¢t. Represent the sorted sequence as a vector S =
(S1,...,Sy) of numbers in the range [1,n] such that i precedes j in S iff the
suffix that begins in position ¢ of ¢ lexicographically precedes that which begins
in position j.

2. Let i be the number such that S; = 1.

3. For i € [1,n], let t; = tg,_1, where we define ty = ¢, = $.

The effect of the transform is that symbols followed by the same substrings in ¢
are placed in consecutive positions in ¢. Referring to the suffix following a position
in ¢ as the context of that position, we can say that the more similar the contexts of
two positions, the closer the symbols in those positions in t. (In PPM, the symbols
preceding a context define its context. If desired, this can be emulated in BWT,
simply by reversing ¢. However, the difference is normally of no importance.)

Consequently, if ¢ contains repeating patterns, some parts of ¢—that originate
from similar contexts—comprise only symbols from a small part of the input al-
phabet. By transferring ¢’ instead of ¢ to the decompressor, we can exploit its
regularities efficiently with a simple locally adaptive compression method.

The decompression program needs to reverse the transform to obtain the original
string. This remarkably fast and simple procedure can be formulated as follows:

1. For c € [1,k], let n. be the number of occurrences of symbol ¢ in #'.

2. Set C[1]to 0. Fori=1,...,k—1,set Cli+ 1] to C[i] + n,.
3. Fori=1,...,n,set P[C[t/]] to i and increment C[¢}].
4. Set i toi. For j =1, ..., n,let t; =, and advance i to P[7].

2.2. Sorting Algorithms and Time Complexity. The key advantage of BWT
compression is its moderate requirements on computational resources compared to
methods with similar compression performance. Throughout this work, we make an
effort to maintain this advantage and avoid processes that notably increase time or
space complexity. We now discuss the time complexity of BWT itself.

The computionally critical part of the transform is the suffix sorting. It is impor-
tant to note that since the elements to be sorted are strings, comparisons potentially
take linear time. Therefore, a normally commendable comparison based algorithm
may well require 2(n?logn) time, so a specialized method is needed.

Existing BWT implementations typically use ad hoc combinations of sorting al-
gorithms, often paired with a run length encoding scheme to handle common degen-
eration cases [3,7,12,14]. However, as noted by Burrows and Wheeler [3], this can
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be improved upon by building a suffix tree (see Section 3.1), which is then traversed
in sorted order and the sorted sequence is obtained from the leaves.

The suffix tree implementation yields linear time for the transform. If the alpha-
bet size is too large to be realistically regarded as constant, this time bound can be
achieved by representing the edges of the tree with hashing [10]. This requires an
additional sorting step, which is done in linear time by bucket sorting the edges and
rebuilding the tree in sorted order [1].

Furthermore, even if hashing can not be used, the recently presented algorithm
by Farach [6] provides linear time suffix tree construction for all alphabets relevant
for BWT. Thus, the time complexity of BWT is deterministically ©(n).

2.3. Move-to-front and Related Coding. A large majority of the previous work
on BWT relies on mowve-to-front coding to exploit the local repetitiveness of the
transformed string [3, 7,12, 14]. The symbols of the input alphabet are placed in a
conceptual list, and the position of a symbol in this list, counting from the head,
is used to encode the symbol when encountered. Encoded symbols are immediately
moved to the head of the list.

This subsidiary transformation of ¢ produces another string ¢’ of integers in
the range [1,k], for which the distribution is highly skewed (provided that ¢ is
compressible): low numbers are more common than high numbers. Now, ¢’ can
be compressed with simple zero-order statistical compression, such as Huffman or
arithmetic coding.

Arnavut and Magliveras [2] devised a slightly different technique named inversion
frequencies. While move-to-front coding replaces each symbol ¢ with the number of
distinct symbols encoded since the last occurrence of ¢, inversion-frequency coding
replaces ¢ with the fotal number of symbols greater than c encoded since the last
occurrence of c. The results were shown to be similar to move-to-front coding.

3. CONTEXT TREES

We elaborate the properties of the reorganization performed in BWT by relating to
context trees, known from PPM (sometimes referred to as context tries). The close
relation between PPM and BWT was briefly noted by Cleary, Teahan, and Witten [4].

3.1. More on Suffix Trees. A context tree can be viewed as a trie (also known as
digital tree) storing substrings of the input string ¢. Edges of the tree are labelled
with symbols, and each node (state) corresponds to the string spelled out by the
labels on the path from the root to that node. When the trie contains all substrings
of the input string (as in PPM* [4]), and, in addition, is path compressed (i.e. all
paths of single-child nodes contracted) this results in what is commonly known as
a suffiz tree [6,9, 10, 13] (see Figure 1).

As noted in Section 2.2, a suffix tree can be used to produce the BWT string ¢’: the
tree is traversed left to right, and for each leaf encountered, the symbol preceding the
corresponding position of ¢ is emitted as the next symbol of . However, the suffix
tree is not only a useful tool for the transform, it is also an excellent hierarchical
model of similarities between contexts. The leaves of the tree correspond to the
contexts. The lowest common ancestor of a pair of nodes, particularly the depth of
that ancestor, manifests the similarity between the corresponding pair of contexts,
i.e. the length of their common prefix.
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1(8)  4(c) 2(a) 5(a)  3(b)  6(b)

FIGURE 1. The suffix tree of the string ‘abcabcabc$’. Below each
leaf is shown the number of the suffix it corresponds to and, in paren-
thesis, the corresponding symbol that would be emitted by the BWT.

For each internal node, we consider the set of frequency counts for the symbols of
the input alphabet emitted by the BWT for leaves in its subtree. The root holds the
counts for the whole string, which would be used in a simple zero-order encoding,
while an internal node corresponding to a string w (where w is the string spelled
out by the labels on the path from the root) holds the counts for symbols occurring
in the context w. Thus, the suffix tree incorporates exactly the structure of a
context tree.!

3.2. Pruning the Tree. Frequency counts in each internal node as described in
the previous section means keeping an absolute maximum of statistics about the
context properties of the string. This is generally much more than what is actually
needed to fully characterize the source.

As an extreme example, consider a single-state source—there is obviously no
gain in using more than one set of counts in modelling this. We should recognize
this condition, and remove all internal nodes of that context tree, except the root.
Generally, we should remove all internal nodes that do not exhibit any significant
change in distribution compared to its parent (see Figure 2). Eventually, for large n,
the number of internal nodes should converge towards a number that reflects the
number of states in a tree model of the source (provided that there is some tree
model that captures the source).

To find an approximation of the optimal context tree, we use a greedy method
that recursively prunes the tree bottom-up and left-to-right. This has the advantage
of being simple and fast, and consuming little space. At each point in time, we only
need to maintain frequency counts for nodes on the path from the root to the node
currently being processed. This limits space requirements to the height of the tree
times the size of the alphabet. We can limit space requirements even further by
simply removing all nodes below a certain, constant, depth. This does not notably

'Note however, that since our contexts are the strings after each position, the tree representation
is “backwards” compared to most PPM descriptions.
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FIGURE 2. A pruned context tree corresponding to the suffix tree in Figure 1.

infer on the final product (it is extremely rare that nodes below a depth of about
seven are maintained), but yields an important improvement in worst case space
complexity.

In principal, the pruning algorithm works as follows: At each node, we calculate
the optimal code length for encoding symbols both including and excluding that
node. If keeping the node does not yield a smaller total code length, we remove it.

In addition to maintaining counts over the input alphabet, we also need to take
into account the discrepancy in which symbols are used in different subtrees. Again
in terms borrowed from PPM, we employ an escape mechanism to account for the
cost of introducing new events in a state. The first time a symbol occurs, it charges
an increase of the escape count instead of the count of the symbol itself.

More specifically, the greedy pruning algorithm prunes the subtree rooted at an
internal node u as follows:

1. For each leaf child of u, check which symbol the transform should produce
corresponding to that leaf. Then for each symbol ¢, set n., to the number of
times ¢ was encountered in this process.

2. Repeat steps 3 to 8 for each internal-node child v of w.

Recursively prune the subtree rooted at v.

4. For each symbol ¢, let e. = 1 if ¢ occurs in the subtree rooted at v, and e, =0
otherwise. This is to account for escape events in the subtree.

5. Calculate the optimal code length h,, for encoding, as an independent sequence,
the symbols corresponding to leaf children of u, using n.. + e. as frequency
counts.

6. Analogously calculate the optimal code length hy for encoding symbols in the
combination of u and v, using n., + n., as frequency counts.

7. If hy < h,, + h,, then delete v and let all children of v become children of .
Update the n., by adding to them their corresponding n .

8. Otherwise, update the n., by adding to them their corresponding e..

w

Calculation of code lengths is expressed as follows: Let U = { ¢ | n¢, +e. > 0},
and ny = Y, Neu + €. Summing code length for escapes and symbols in u, we
have

ny

h, = |U|log 0] + Z(ncu +e.—1)log
celU

=1(ny) = 1(|U]) = > U(new + e — 1),

ceU

nu
Ney + € — 1
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size mnodes bits

bib 111261 10248 1.80
bookl 768770 59701 2.19
book2 610856 50286 1.87
geo 102400 5442 4.37
news 377109 40568 2.28
objl 21504 1972 3.45
obj2 246814 27037 2.27
paperl 53161 6265 2.26
paper2 82199 8338 2.22
pic 513216 7499 0.78
progc 39611 4939 2.29
progl 71646 7958 1.59
progp 49379 5922 1.62
trans 93695 10328 1.42

TABLE 1. Results of the pruning algorithm for the Calgary corpus.
Size is the original file size in bytes, nodes the number of internal
nodes maintained by the pruning, and bits is the calculated code
length in bits per symbol.

where [(n) = nlogn. The calculation of hy is analogously reduced to a sum of I(n)
terms. The function I(n) can be efficiently implemented through a simple halving
procedure, which can be speeded up further by a lookup table. We may therefore
realistically assume that these calculations are dominated by set operations, which
yields a worst case complexity of O(nlog k) for the greedy pruning algorithm (where
k is the alphabet size), with a straightforward implementation using (possibly im-
plicit) binary trees.

3.3. Code Length Measurements. To illustrate how the context tree captures
the statistics of a file, Table 1 shows experimental results of code length, using the
files of the Calgary corpus as input. Note that these are not compression results,
since information about the tree structure is not included (see Section 5), but rather
lower bounds for what can be achieved by the greedy-pruned context tree.

The measurements show how much redundancy the context tree is able to capture
for different kinds of data. Perhaps the most interesting point is that since the
pruned context tree approximates the optimal context tree, this can be regarded
as an estimate of the actual entropy for the corresponding source, assuming that
the tree model assumption holds. Thus, the values are an approximation of the
lower bound for any tree model based compression method, including PPM, when
compressing data with these characteristics.

4. THE RELATIONSHIP BETWEEN MOVE-TO-FRONT ENCODING
AND CONTEXT TREES

We now review the move-to-front encoding described in Section 2.3 from a context
tree perspective, in order to shed light on some important points regarding its
performance.
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The transform of ¢’ into " serves to replace the local repetitions of ¢’ by a glob-
ally skewed distribution that would ultimately submit to compression using static
frequency counts. However, static encoding is a poor choice. While lower numbers
are indeed generally more common than high numbers in ¢, their probabilities vary
due to the following facts:

e The move-to-front process has no notion of depth changes in the context tree.
While BWT places similar contexts close to each other, many not so simi-
lar contexts still end up in consecutive positions. The extreme case occurs
when all the contexts beginning with a particular symbol are exhausted—the
next position corresponds to a completely different context, e.g., a character
followed by ‘baaa’ may be placed directly after a character followed by ‘azzz’.

e The degree of regularity varies between contexts. As an example, in English
text the characters followed by the string ‘the ’ are extremely regular (almost
all spaces), while the characters followed by ‘ the’ are much less predictable.
In information theoretic terms: different states of the source have different
entropy. Again, a simple left-to-right view is unable to take context changes
into account.

Existing implementations essentially all deal with these inherent disadvantages in
the same way: they employ highly adaptive statistics. The simplest method is the
common approach of periodically scaling down frequency counts, typically halving
them. This gives local probability distributions an advantage over old statistics.

Despite the apparent crudeness of this approach—throwing away large amounts
of the collected statistics—it can give quite astonishing results. Fenwick [7] reports
the same average as the PPM* algorithm [4] for the Calgary corpus. The key to this
performance lies in the extreme degree of repetition in ¢’ for some files, which pro-
duces long runs of zeroes in the move-to-front transform. This is a global property
of those files, which remains in spite of the loss of detail in the estimates.

5. CONTEXT TREE BWT COMPRESSION SCHEMES

The ultimate goal of our exploration of the BWT context tree is of course to find
a competitive compression scheme. However, while the possibilities appear to be
immense, it is far from clear what is the best way of exploiting the context tree.

An interesting option, that has a clear potential of competing with move-to-
front encoding in computational requirements, is to include a representation of the
structural properties of the tree as part of the compressed data, and then encoding
the BWT transformed string left-to-right, dynamically updating frequency counts
as in PPM. Below we discuss a simple implementation using this strategy. It works
well for large files (where the tree representation comprises a small part of the data),
but it appears that a more sophisticated tree encoding is required for this method
to be a general improvement over move-to-front encoding.

5.1. Further Pruning. When the tree is to be explicitly represented we need to
reconsider the pruning strategy. Now, the tree that models the data optimally is
not necessarily the best choice, since the size of the tree is a factor. We need to
weigh the cost of representing each node against the gain of utilizing that node.
Consequently, the pruning algorithm should be modified so that it maintains a
node only if the gain in code length is larger than the cost of representing that
node. However, the cost of representing a node is not easily predicted. It depends,
naturally, on our choice of representation of the tree, but also on the structure of the
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whole tree. Our experimental algorithm employs the simplest possible strategy: the
cost of representing each node is estimated as a constant, whose value is empirically
determined. Furthermore, we impose a lower limit on the number of leaves in a
subtree; all nodes with less than some constant number of leaves below are removed.

5.2. Encoding the Tree. A pruned context tree has properties which makes it
highly compressible. One quickly noted attribute that is easy to take advantage
of, is that a large majority of the nodes are leaves. Less obviously exploitable are
the structural repetitions in the tree: small subtrees are essentially copies of larger
subtrees with some nodes removed.

In the current implementation we use the following simplistic encoding method:
we traverse the tree in order, obtaining the number of children of each node. These
numbers are encoded as exponent-mantissa pairs, where the exponents are com-
pressed with a first-order arithmetic encoder whose state is based on the size of the
parent.

5.3. Encoding the Symbols. In encoding the symbols corresponding to the leaves
of the tree, we have to choose a strategy for transferring the frequency counts to
the decoder. One possibility is to encode them explicitly, as we do the structure
of the tree. Another, which we have chosen in the current implementation, is to
use the tree only for state selection and encode new symbols by escaping to shorter
contexts, as in PPM compression.

The crucial difference compared to PPM is that of computational efficiency and
simplicity: Since we encode left-to-right in the tree, we only need to maintain fre-
quency count for one branch of the tree at a time. Furthermore, escaping to a
shorter context is simple, since the shorter context is the parent of each node—we
do not need the suffix links, or escape lists, of PPM implementations.

Now, we have the same choices as in PPM regarding strategies of escape proba-
bility estimation, inheritance, exclusion etc. Again because the tree is traversed in
order, most conceivable choices are easily and efficiently implemented, which opens
extensive possibilities for refinement. Our current implementation uses no inheri-
tance, an escape estimate similar to PPMD [8], full exclusion, and update exclusion.

5.4. Preliminary Results. Table 2 shows the current results of our experimental
compression program. The limits chosen for the pruning algorithm were five bits
as the minimum gain to retain a node, and a minimum of eight leaves for subtrees
rooted at internal nodes.

It is clear from the table that for these files our current experimental program is no
general improvement over the best known BWT implementations—only the largest
file, bookl, yields a total improvement over the move-to-front results achieved by
Fenwick [7]. In particular, the the tree encoding scheme must be improved in order
to achieve favourable compression ratios for files as small as these (although for
a few files, Fenwick’s implementation performs better even disregarding the tree
part). The small number of internal nodes retained by the pruning indicates that
this improvement should certainly be possible through a more sophisticated tree
encoding.

For very large files, the representation of the tree should eventually be negligible,
provided that the source can be represented as a tree model, and that the number
of internal nodes of the context tree converges towards a constant that reflects the
number of states in this model (see Section 3.2).
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size nodes bits (tree + sym

)
bib 111261 2308 2.26 (0.28 + 1.98)
bookl 768770 7777 2.37(0.15+2.22)
book2 610856 8793 2.17 (0.21 + 1.96)
geo 102400 899 4.69(0.13 +4.56)
news 377109 7350 2.76 (0.26 + 2.50)
objl 21504 516 4.27(0.32+3.95)
obj2 246814 6303 2.94 (0.33 +2.61)
paperl 53161 1384 2.84(0.35 +2.49)
paper2 82199 1634 2.65(0.28 +2.37)
pic 513216 652 0.80(0.02+0.78)
proge 39611 1071 2.92 (0.36 + 2.56)
progl 71646 1778 2.13(0.33 + 1.80)
progp 49379 1256 2.22(0.34 4 1.88)
trans 93695 2775 2.06 (0.37+1.69)

TABLE 2. Results of the experimental compression program. Size
is the original file size in bytes, and nodes the number of internal
nodes maintained. Bits is the average number of bits per compressed
symbol, divided into tree and sym (symbol) to show the relative code
space for tree encoding used by the program for these files.

6. FINAL COMMENTS

Data compression using BWT has an advantage over other tree model based meth-
ods in its moderate requirements on computational resources. We assert that this
advantage can be maintained with a much more sophisticated modelling method
than the move-to-front transform. Our context tree approach reveals the possi-
bility of using BWT to obtain a tight time complexity while taking advantage of
sophisticated techniques developed for PPM.

However, finding the optimal combination of these two approaches remains as an
open problem. Particularly, if the approach of representing the context tree explic-
itly is used, the structure of the tree must be further analyzed, and a sophisticated
encoding scheme designed, if the method is to be competitive for small files.

It should be noted that while we have approached the context trees of BWT with
suffix trees as a starting point, the process of pruning the suffix tree to obtain a useful
context tree is by no means the only possibility. On the contrary, the small number
of internal nodes maintained by the extended pruning indicates that a top-down
method of constructing the tree (which could be made to consume less memory)
should certainly be considered. This is particularly the case when large blocks of
data are treated, since the suffix tree may then require considerable (although linear)
storage space.

In conclusion, we conjecture that BWT compression with an explicit treatment of
context trees is a strong candidate for achieving the full compression performance
of PPM and similar methods, with a program that requires only moderate compu-
tational resources.
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